Abstract-In this paper, the theoretical sustainable capacity of wireless networks with radio frequency (RF) energy harvesting is analytically studied. Specifically, we consider a large scale wireless network where base stations (BSs) and low power wireless devices are deployed by homogeneous Poisson point process (PPP) with different spatial densities. Wireless devices exploit the downlink transmissions from the BSs for either information delivery or energy harvesting. Generally, a BS schedules downlink transmission to wireless devices. The scheduled device receives the data information while other devices harvest energy from the downlink signals. The data information can be successfully received by the scheduled device only if the device has sufficient energy for data processing, i.e., the harvested energy is larger than a threshold. Given the densities of BSs and users, we apply stochastic geometry to analyze the expected number of users per cell and the successful information delivery probability of a wireless device, based on which the total network throughput can be derived. It is shown that the maximum network throughput per cell can be achieved under the optimal density of BSs. Extensive simulations validate the analysis.
I. INTRODUCTION
Recently, new enhancements for cellular Internet of things (IoT) communication are proposed in the 3GPP releases [1] . As the era of IoT approaches, wireless charging technology has been proposed as a promising solution to supply power to a massive number of wireless IoT devices [2] , [3] . By exploiting wireless signals in the surrounding environment coming from TV towers [4] and cellular base stations (BSs) [5] - [7] , wireless charging enables low-power wireless IoT devices to scavenge ambient radio frequency (RF) energy and convert it into DC power to keep themselves alive without replacing or recharging their batteries.
Stochastic geometry [8] - [10] has been widely adopted to characterize the random deployment of BSs and wireless users for network performance analysis, which can be employed to quantify the co-channel interference [11] and also be incorporated with random channel effects such as fading and shadowing [12] . More recently, stochastic geometry approaches have been applied to analyze the capacity of RF energy harvesting in wireless networks [13] - [16] . In [13] , a k-tier heterogeneous network was modeled by Poisson point process (PPP) and users harvest energy from ambient RF signals for uplink transmissions. In [14] , the authors considered wireless information and power transfer in cooperative networks with spatially random deployed relays. By employing a general repulsive point process [15] , point-to-point uplink transmission powered by ambient RF energy was studied and power and transmission outage probability was derived. Besides, energy harvesting over millimeter-wave band with a certain beamwidth was investigated in [16] . These aforementioned works studied energy harvesting enabled point-to-point transmission performance over a single link. To the best of our knowledge, there is no analytical study on the energy harvesting enabled network performance in a multi-point to multi-point wireless network environment with multi-user scheduling.
Generally, a low-power IoT device can harvest RF energy when it is not scheduled for data communications. When the user density increases, a user may wait for a longer time for data communications, yet in the meantime it may harvest more RF energy to fulfill the data communication requirement. Research works on link layer performance study mainly focused on the impacts of the density of BSs but ignored the density of users on the downlink transmission performance, which also plays a critical role in energy harvesting and transmission scheduling. This motivates us to investigate the network performance under different densities of BSs and users and answer the following questions: how the throughput performance is impacted under different densities of BSs and low-power users, how can we achieve the best throughput performance by determining the density of BSs, and under what conditions the users can operate sustainably. Note that in multiuser network, given the density of users, although each user can harvest more energy as the density of BSs increases, the intra-cell interference becomes more severe and the lowpower user may not have enough time to harvest sufficient RF energy since there will be a fewer number of users in a cell. Meanwhile, given the density of BSs, there exists a minimal density of the users that ensures energy sustainable operation of users, i.e., a user can always harvest sufficient RF energy for data communication when it is scheduled, such that the maximum network throughput can be achieved.
The main contribution of the paper is four-fold. First, we apply stochastic geometry to analyze the signal to interference and noise ratio (SINR) of a single user. Second, we further derive the probability that a user has enough energy for information processing when it is scheduled for data reception, which is denoted as the successful information delivery probability. Third, based on the derived information delivery probability, the per cell network throughput and total network throughput can be obtained. We show that for a given density of users, the maximum per cell throughput can be achieved under the optimal density of BSs. Finally, extensive simulations are conducted to validate the analysis.
The remainder of this paper is organized as follows. The system model is presented in Section II. The analysis of the successful information delivery probability and the network throughput are provided in Section III and Section IV, respectively. Then, numerical results are given in Section V, followed by concluding remarks in Section IV.
II. SYSTEM MODEL
We consider a high-density cellular network, where the deployments of BSs and wireless powered IoT devices follow homogeneous Poisson point process (PPP) with different densities, as shown in Fig. 1 . Specifically, on the Euclidean plane R 2 , the locations of BSs are modeled by a homogeneous PPP Φ B = {b i : i = 1, 2, . . .} of spatial density λ B , while the deployment of users are modeled by a homogeneous PPP Φ U = {u i : i = 1, 2, . . .} of spatial density λ U . In the network, each wireless device or wireless user will associate with the nearest BS and the coverage area of each BS comprises a Voronoi cell.
In each Voronoi cell, the BS b i ∈ Φ B schedules time slotted downlink transmissions to its associated users, i.e., each user takes turns to be served in each slot in a round robin fashion. Thus, for a cell with N users, each user will transmit once for every N slots and only one user is scheduled for downlink communications in one cell at any time slot. Each cell may have different numbers of users, however, without loss of generality, we consider that all BSs schedule their associated users one round after another, i.e., BSs always transmit to its associate users. Since a wireless user can either harvest energy from all surrounding BSs or receive downlink data from the associated BS, a "harvest then receive" strategy is adopted by wireless users. That is, each user can harvest energy and store the harvested energy in a capacitor when it is not scheduled for data communications; and use the stored energy for data information reception when it is scheduled for downlink communication by the serving BS [17] 1 . It is worth noting that information delivery will proceed successfully only when the user has harvested sufficient RF energy when the user is scheduled for data communications. If the energy is not sufficient for receiving the data, the wireless user will keep harvesting energy from the downlink transmissions yet no information will be delivered. Denote the downlink transmission power of BSs as P S , and the energy consumption of data reception in each slot as E th .
Without loss of generality, the received RF power of a typical user at any time slot is given by
1 With the use of capacitor, a wireless user depletes its stored energy for one data communication where a ∈ (0, 1) is the RF-to-DC energy conversion efficiency, (1) is the i.i.d. Rayleigh channel fading, r i is the distance between a typical user and any BS b i ∈ Φ B , and α is the path loss exponent. For a typical user scheduled for downlink communications, the received signal power from its associated BS b 1 is interfered by the wireless signals from other concurrent transmissions from other BSs. As a result, the received SINR of a typical user can be written as
where the aggregate interference of a typical user is
i . Here, r 1 denotes the distance of a typical user to its nearest BS b 1 . According to [9] , the distribution of distance r 1 is given by:
In the following sections, we analyze the downlink throughput performance of a wireless network with energy harvesting under different deployment densities of BSs and users.
III. SUCCESSFUL INFORMATION DELIVERY PROBABILITY
In this section, we study the successful information delivery probability, i.e., the probability that a typical user successfully receives data from its associated BS. For a user to successfully receive data, the user needs to harvest sufficient energy for data processing when it is scheduled. Thus, we first analyze the energy harvesting performance of a wireless user.
A. Energy Harvesting Analysis
Given that there are N + 1 users in a Voronoi cell including a typical user and N other users, and r 1 , the distance between the typical user and its associated BS, according to (1), we can obtain the probability that a typical user is ready to receive data after k rounds of transmission schedules, i.e., the total energy harvested by the typical user exceeds the threshold E th after k rounds, as in the following lemma. Lemma 1. For a typical user, the probability that the total energy harvested after k rounds of transmissions exceeds the threshold E th conditioned on the number of other users in the cell and the nearest distance r 1 can be approximated by
where P H,j is the energy harvested in a slot, j ∈ {1, . . . , k} and Θ(k, n, r 1 ) =
Proof. Please refer to Appendix A.
With Lemma 1, if a typical user requires K rounds of transmissions to satisfy the energy threshold E th , the probability mass function (PMF) of K can be derived as follows,
B. Information Delivery Analysis
A typical user can successfully receive data only when the user is scheduled for information delivery and it has harvested sufficient RF energy. In order to analyze the information delivery probability, we first condition on a given distance r 1 , the distance between a typical user and its associated BS.
where P (Tr|R = r 1 ) denotes the information delivery probability conditioned on r 1 . Basically, the conditional probability will increase as the distance r 1 becomes smaller because more energy can be harvested at a smaller distance r 1 . P (Tr|R = r 1 ) can be further derived from P (Tr|N = n, R = r 1 ) as
Conditioning on K = k, the minimum number of transmission rounds for a typical user to harvest sufficient energy, we have
Since the information delivery probability is defined as the probability that a typical user has harvested enough energy to succcessfully receive data when it has been selected, if the typical user needs to harvest energy for k rounds before it has enough energy to receive data at the scheduled slot in the last round, it will has a successful information delivery once for every K = k rounds of scheduled transmissions. When k is given, the successful information delivery probability is independent of the number of other users in the typical cell and the distance r 1 , the conditional information delivery probability is
Therefore, by combining (7) and (8), we have
To obtain P (Tr|R = r 1 ), we need to derive P(N = n|R = r 1 ). Denote X as the area of the cell where the typical user is located, we have
where f X|R1 (x) is the PDF of X conditioned on r 1 . For a given X, N and R are conditionally independent, and we have
andf X|R1 (x) can be obtained as
with the conditional PDF f R1|X=x (r 1 ) given in the following lemma.
Lemma 2. For a typical user, the conditional PDF of the distance r 1 conditioned on the cell area x that it falls in can be approximated by
Proof. Please refer to Appendix B.
IV. NETWORK THROUGHPUT ANALYSIS
Based on the derived successful information delivery probability, we can analyze the network throughput performance of a wireless network with energy harvesting. The expected total network throughput is the product of the density of BSs with associated users, λ B , and the average per cell throughput, T avg ,
where
is the density of non-empty cells. To obtain total network throughput, we need to analyze the average per cell throughput.
The average per cell throughput is the achieved downlink transmission rate of a user, given that the user can successfully receive data with probability P(Tr). Thus, we have
For notation simplicity, define C = log(1 + SINR). Condition on r 1 , (13) can be re-written as
We can derive the conditional probability of C in the following lemma.
Lemma 3. For a typical user, the probability of link capacity C to be larger than a value t conditioned on the distance r 1 is given by
Proof. Please refer to Appendix C.
Based on Lemma 3,
Substituting (6) and (17) in (15), we can obtain the average per-cell throughput conditioned on r 1 , from which the network throughput T avg can be derived by integrating over r 1 .
V. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we validate the analysis by simulations with Matlab.The BSs and users are randomly deployed over a 1000m × 1000m square with different densities. The transmission power of BS is P S = 1W , the energy threshold is set to E th = 1 * 10 −5 or E th = 7 * 10 −5 joules, the path-loss exponent α = 3, and the energy conversion efficiency η = 0.5. Besides, the thermal noise is considered negligible compared with the interference from other neighboring BSs.
The successful information delivery probability under different density of BSs λ B is shown in Fig. 2 . For a smaller E th = 1 * 10 −5 joule and high density of users, each user may be sufficiently charged in each scheduling round with more users in each cell, and has a successful information delivery probability of 1. The higher the user density, the higher the P (T r). When the density of users decreases and density of BSs increases, the expected number of users in each cell becomes smaller, as shown in Fig. 3 take multiple scheduling rounds for users to harvest energy for one data reception, and thus P (T r) decreases. For a larger E th = 7 * 10 −5 , P (T r) increases with λ B as more energy can be harvested from more BSs by a user for data reception, although the number of users in each cell also decreases when λ B increases. For a sufficiently large λ B , P (T r) decreases and eventually converges to 0.5 when the number of user in each cell approaches 1. In such case, the user takes one slot for charging and one slot for receiving data, and P (T r) = 0.5. It is also interesting to see that for the same density of users λ U = 150/km 2 , as the density of BSs λ B grows, P (T r) becomes the same after λ B reaches 900/km 2 , which implies that P (T r) is not dependent on the energy threshold when the density of BSs is large.
The average throughput per cell under different density of BSs λ B is shown in Fig. 4 . BS serves one user at one time in each cell. The achieved per cell throughput is dependent on the achieved link capacity and the successful information delivery probability P (T r). Similar to that in Fig. 2 , the average throughput of each cell is mainly dependent on P (T r) in a high denscccccccc ity wireless network as SINR converges with a large λ B . For a given λ B , the average throughput increases as the density of users λ U increases.
The total network throughput is plotted in Fig. 5 . It can be seen that given the base station density λ B , the network throughput increases as the density of users λ U increases, which eventually saturates under a sufficiently large λ U . In that case, we define the saturation throughput as the sustainable network capacity. In this case, the network operates sustainably, i.e., in each time slot, the user scheduled to receive downlink data has harvested sufficient energy almost surely to attain the maximum network throughput. For a larger λ B , more users are required to ensure sufficient energy harvesting in each round to achieve the sustainable network capacity.
In Fig. 6 , we further study the ratio of λ U /λ B when the sustainable network capacity is achieved. It can be observed that the sustainable ratio decreases as the BS density λ B grows. It reveals that with more BSs, a fewer number of users in each cell can achieve the sustainable network capacity as more energy harvesting from the BSs.
VI. CONCLUSION
In this paper, the network throughput, or the sustainable network capacity of a high density wireless network with RF energy harvesting has been investigated, where low-power wireless devices are powered by the ambient RF energy from concurrent downlink transmissions in different cells. By employing stochastic geometry approach, we have analyzed the successful information delivery probability and the network throughput under different densities of BSs and wireless devices. Our analysis has shown that for a given density of BSs, there exists a minimal density of wireless devices to ensure fully energy sustainable operation of wireless devices; and the maximum sustainable network throughput per cell can be achieved under the optimal density of BSs. Theoretical analysis has been validated by extensive simulations. We will extend the work by considering heterogeneous PPP deployments of BSs and wireless devices in our future work.
APPENDIX
A. Proof of Lemma 1
According to (1), the probability of energy harvesting ready after k time slots can be written by (18) , where h i,j ∼ exp (1) is the Rayleigh fading from BS b i ∈ Φ B during slot j. In step (a), we notice that the summation of independent exponential random variables follows Erlang distribution [19] , from which we denote
. In step (b), the total RF energy harvested from beyond the nearest BS b 1 can be approximated by its mean with given r 1 [20] , i.e.
where (c) holds because all H i,k(n+1)−1 are independent Erlang distributed random variable with condition [k(n + 1) − 1], (d) follows the Campbell's theorem for summation over PPP [21] .
B. Proof of Lemma 2
For the conditional PDF f R1|X=x (r 1 ), we know that it will satisfy the following equality
where f X (x) = 3.5 4.5 Γ(4.5) x 3.5 e −3.5x is the PDF of the cell's area where the typical user is located [18] . Since the PDF f X (x) comes from the PDF of a Voronoi cell's area that was derived by the Monte Carlo method [22] , it will be very challenging to derive the close-form result for f R1|X=x (r 1 ). Thus, noticing that the typical user is uniformly distributed in a cell with area X = x, it can be mapped into a normalized cell with unit area, i.e. X = 1, where the pdf for the distance r 1 will be proportional to its area X = x. That is to say, we have the following property,
Thus, from (19) and (20) we can obtain
where f R1 (r 1 ) and f X (x) are both known results and we now can derive the PDF of the distance r 1 given the normalized cell area X = 1.
Since f R1 (r 1 ) and f X (x) have the similar form, we can fit the conditional PDF distribution of r 1 as follows f R1|X=1 (r 1 ) = c 1 · r 
where c 1 ∼ c 4 are coefficients that we need to calculate by minimizing the fitting error. Considering the least square error fitting, we obtained the fitted curve as shown in Fig. 7 and the coefficient values as c 1 = 6.029, c 2 = 1, c 3 = 3.891 and c 4 = 2.7.
C. Proof of Lemma 3
For the typical user, the conditional probability of the link capacity C can be rewritten by P(C ≥ t|R = r 1 ) = P(SINR ≥ 2 t − 1|R = r 1 ).
which is the conditional probability of SINR larger than the threshold 2 t − 1 denoted as S th . Thus, we can first derive a more general conditional probability for SINR as follows, 
where (a) holds because h 1 ∼ exp(1), (b) is due the fact that all the fading gains from different BSs are independent and (c) comes from the probability generating functional (PGFL) of the PPP [21] . For step (d), we have . Therefore, letting S th = 2 t − 1, we can obtain the result in Lemma 3.
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